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1. HARMONIC OSCILLATION OF A STRING PENDULUM 

If the pendulum is deflected from its 
rest position by an angle φ, the restoring 
force is as follows: 

 

                           (1.1) 

  
 For small angles φ: 
 

                             (1.2) 

 
The moment of inertia of the 

accelerated mass is 
 

                             (1.3) 

 
The equation of motion for simple 

harmonic oscillation: 
 

              
 

 
             (1.4) 

 
The period of oscillation T is 
 

                 
 

 
        (1.5) 

 
In this experiment, the oscillation 

period will be measured for different 
pendulum lengths and mass using a 
photoelectric sensor connected to a digital 
counter. The digital counter provides a time 
measurement after each full oscillation of 
the pendulum. 

 
 The measurements are plotted on a 
graph of T against L and another one of T 
against m. These graphs (Fig.1.1-1.3) will 
show that the period of oscillation depends 
on the pendulum’s length and not on the 
mass. 

 
Fig. 1.1 – Oscillation period-Pendulum length 

(T-L) plot for different pendulum mass 

 
Fig. 1.2 – Oscillation period-Pendulum mass  

(T-m) plot for different pendulum length 

 
Fig. 1.3 – Oscillation period square-Pendulum 

length (T2-L) plot 
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2. ELLIPTICAL OSCILLATION OF A STRING PENDULUM 

In this experiment, the vibrations of a suspended pendulum are measured using two 
perpendicularly mounted dynamic force transducers. Then the amplitude of the components 
and their phase difference are estimated. The phase shift between oscillations will be displayed 
directly by displaying the oscillations on a dual channel oscilloscope. 

There are three special cases of oscillation: 
a) If the pendulum swings along the line bisecting the two force sensors, the phase shift 

φ = 0° (Fig.2.1).  
b) If the pendulum bob moves in a circle, the phase shift φ = 90° (Fig.2.2). 
c) If the pendulum swings along a line perpendicular to that bisecting the two force 

sensors, the phase shift φ = 180° (Fig.2.3). 
 

 
Fig. 2.1 – Pendulum harmonic function for phase shift 00 

 
Fig. 2.2 – Pendulum harmonic function for phase shift 900 

 
Fig. 2.3 – Pendulum harmonic function for phase shift 1800 
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3. VARIABLE G PENDULUM 

When the axis of the pendulum is tilted, the gravity component parallel to the gpar axis 
becomes ineffective because the axis is locked. The remaining component, which is effective 
geff, is determined by the following equation: 

                                   (3.1) 

where α – inclination of the pendulum axis to the horizontal. 
When the pendulum is deflected by an angle φ from its rest position a suspended 

weight of a mass m experiences a returning force is 
                             (3.2) 

For small angles: 
                               (3.3) 

The pendulum’s angular frequency of oscillation is 

   
    

 
                 (3.4) 

The period of the pendulum is 

     
 

    
                   (3.5) 

Thus, shortening the pendulum causes the period to be shorter and reducing the 
effective component of the gravitational acceleration makes the period longer (Fig.3.1-3.2). 

 
Fig. 3.1 – Oscillation period-Effective component of gravity (T-geff) plot for different pendulum 

length 

 
Fig. 3.2 – Oscillation period-Pendulum length (T-L) plot for different angles of inclination of the 

pendulum axis 
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4. KATER'S REVERSIBLE PENDULUM 

If a physical pendulum oscillates freely relative to its rest position with a small deviation 
φ, then its equation of motion is: 

 

   
                   (4.1) 

where J – moment of inertia around axis, m – pendulum mass, d – distance between axis and 
gravity center. 

The reduced length of the physical pendulum is 

  
 

   
              (4.2) 

A mathematical pendulum of this length oscillates with the same period of oscillation. 
The moment of inertia: 

                              (4.3) 
where Jc – moment of inertia about gravity center. 
 For a reversible pendulum with two mounting points separated by a distance s, the 
reduced lengths to be assigned are therefore 

    
  

   
                     

  

       
             (4.4) 

 They are the same if the double-sided pendulum is set in such a way that the oscillation 
period is the same for both attachment points. In this case, the following is true: 

   
 

 
   

 

 
 
 

 
  

 
                (4.5) 

and 
                             (4.6) 

The period of oscillation T is 

      
 

 
                   (4.7) 

The reversible pendulum is accomplished by moving a mass of M2 between the 
attachment points. The second large counterweight with mass M1 is attached in two positions. 
The oscillation periods T1 and T2 associated with the reduced lengths L1 and L2 of the pendulum 
are measured as a function of the position X2 of the weight M2 (Fig.4.1). 

Two curves obtained from measurements T1(X2) and T2(X2) intersect twice at the value 
T=T1=T2. These values are used to calculate the acceleration due to gravity: 

   
  

 
 
 

                   (4.8) 

where s – distance between two fulcra. 

 
Fig. 4.1 – Oscillation period-Weight M2 position (T-X2) plot for different weight M1 positions 
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5. SIMPLE HARMONIC OSCILLATIONS 

According to Hooke's law, the relationship between the deflection x and the restoring 
force F is determined by the expression 

                       (5.1) 
where k – spring constant. 
 For a weight of mass m suspended from the spring: 

   
   

   
                 (5.2) 

 This applies as long the mass of the spring itself and any friction that might arise can be 
neglected. 

The equation of motion is 

            
 

 
           (5.3) 

 The ultrasonic motion sensor detects the distance between itself and the weight 
suspended on the spring. The oscillation period T is defined as the interval between the two 
extremes of the sinusoid. Equation 5.3 shows that period of oscillation is 

      
 

 
                 (5.4) 

The following can be deduced from equation 5.4: 

   
   

 
                   (5.5) 

The measured values are plotted on graphs (Fig. 5.1-5.2). The sloped line gradients 
correspond to the spring constants. 

 

Fig. 5.1 – Oscillation period square-Weight mass (T2-m) plot for different spring constant 

 

Fig. 5.2 – T2/m-4π2/k plot 
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6. POHL'S TORSION PENDULUM 

For a freely oscillating but damped torsional pendulum, the equation of motion is 

   

   
     

  

  
   

                     (6.1) 

where δ       ,   
      , J – moment of inertia, D – spring constant, k – damping 

coefficient. 
 As long as the damping is not excessive and the condition δ<ω0: 

          
                                   (6.2) 

where      
    . 

 The initial amplitude A0 and the phase angle ψ are arbitrary parameters that depend on 
the deflection and speed of the rotating pendulum at time t=0. Thus, the pendulum will move 
forward and backward with the following oscillation period: 

   
  

 
                      (6.3) 

 The amplitude of the oscillations decreases over time: 

         
                      (6.4) 

 In this lab, oscillations are examined with different levels of damping, which can be set 
by varying the current supplied to the eddy current brake. The oscillation period is measured 
using a stopwatch. It will be shown that the oscillation period is independent of the initial 
deflection or speed. 
 To determine the damping, a decrease in the deviations of the pendulum to the left and 
to the right is noted. For simplicity, the pendulum is started without initial speed. 

Equation 6.4 defines the oscillation amplitude as a positive value. This means that the 
absolute values of the left and right travel limits must be taken into account. If you plot the 
natural logarithm of these values versus time, you should get a straight line with a gradient -δ. 
In fact, there will be some deviations from this linear behavior, since the frictional force is not 
exactly proportional to the speed as assumed here. 

 
Fig. 6.1 – Disc amplitude natural logarithm-Oscillation time (ln(A)-t) plot for different values of 

the eddy current braking 
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7. FORCED HARMONIC ROTARY OSCILLATION 

 The equation of motion for this system is 
   

   
     

  

  
   

                              (7.1) 

where       ,   
     ,       , J – moment of inertia, D – spring constant, k – damping 

coefficient, M0 – amplitude of external torque, ωE – angular frequency of external torque. 
 The solution to this equation consists of uniform and nonuniform components. The 
uniform component is equivalent to a damped simple harmonic motion (see lab No.6). 
 This decreases exponentially over time and can be neglected by comparison with the 
non-uniform component. 
 The non-uniform component 

                                   (7.2) 
is linked to the external torque, however, and remains non-negligible as long as that torque is 
present: Its amplitude is 

   
  

    
    

  
 
        

 
           (7.3) 

 This becomes increasingly high the closer the excitation frequency ωE is to the intrinsic 
resonant frequency ω0 of the rotating pendulum. Resonance to occur when ωE=ω0. 
 The phase shift is 

         
      

  
    

                      (7.4) 

In this laboratory work, a graph of the dependence of the amplitudes of damped 
oscillations on the excitation frequency is plotted (Fig.7.1). 

 
Fig. 7.1 – Disc amplitude-Motor Voltage (A-U) plot for different values of the eddy current 
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8. COUPLED OSCILLATIONS 

The oscillation of two identical coupled ideal pendulums can be viewed as the 
superposition of two natural oscillations. These natural oscillations can be observed when both 
pendulums oscillate in phase or in antiphase. In the first case, both pendulums vibrate with the 
frequency with which they would be if there were no connection with the other pendulum. In 
the second case, the coupling effect is maximum, and the natural frequency is higher. All other 
vibrations can be described by superimposing these two natural oscillations. 

The equation of motion for the pendulums is 
                     

                     
                      (8.1) 

where g – gravity acceleration, L – pendulum length, k – coupling constant. 
For the motions          and          the equation of motion is 

           

                
                   (8.2) 

                            

                            
             (8.3) 

Therefore, the angular frequencies 

     
 

 
         

    

 
                 (8.4) 

corresponding to the natural frequencies for in phase or out of phase motion (φ+=0 for out of 
phase motion and φ–=0 for in-phase motion). The deflection of the pendulums is 

 
   

 

 
                                                      

   
 

 
                                                      

   (8.5) 

 The parameters a+, a–, b+, and b– are arbitrary coefficients that can be calculated from 
the initial conditions for two pendulums at time t=0. 

  
   

 

 
  

  

  
           

  

  
           

   
 

 
  

  

  
           

  

  
           

                          (8.6) 

 The speed of both pendulums is 

   
  

 
                      

   
  

 
                      

                      (8.7) 

which can be rearranged to give 

 
                        

                        
                               (8.8) 

     
     

 
         

     

 
                             (8.9) 

 The amplitudes of velocities ψ1 and ψ2 are modulated with the angular frequency ωΔ: 

 
                  

                  
                       (8.10) 

 The natural oscillation periods T+ and T- for in-phase and out-of-phase oscillation: 

   
  

  
    

 

 
                             

  

  
    

 

    
         (8.11) 

 For a period T for coupled oscillation: 
  

 
   

 

  
 

 

  
                              

     

     
              (8.12) 

 The beat period is 
  

   
    

 

  
 

 

  
                            

     

     
      (8.13) 
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9. MECHANICAL WAVES 

 The ξ(x,t) is transverse deflection at a point x along the rope at a point in time t: 

                       
  

 
               (9.1) 

 The frequency f and wavelength λ are related by 
                       (9.2) 

where c – wave propagation velocity. 
 For a wave travelling from right to left direction then arises. 

                         
  

 
                (9.3) 

 As a result of the addition of two waves, a standing wave is formed: 

                             
  

 
                              (9.4) 

 If both ends of the rope are fixed (x=L), then 

               
  

 
                (9.5) 

 This only applies if the wavelength meets the following conditions: 

 

  

  
                           

 

   
  

             
  

 

            (9.6) 

 The frequency is 

           
 

   
       (9.7) 

 This means that the resonance condition 9.5 is satisfied only if the length L is a multiple 
of half the wavelength. The resonant frequency must match this wavelength. In this case, n is 
the number of nodes in the swing. It is equal to zero if there is only one antinode in the main 
oscillation. 
 In this experiment, the carrier is a rope attached to one end. The other end is connected 
to a vibration generator at a distance L from this fixed point. It uses a function generator to 
excite small amplitude oscillations of variable frequency f. This end can also be seen as a fixed 
point with a good approximation. 

If resonant frequency is plotted against the number of nodes (Fig.9.1), the points will all 
lie along a straight line of gradient 

                          (9.8) 
 Therefore, if the length L is known, the velocity of propagation of the wave c can be 
calculated. All other things being equal, it depends on the tensile force F. 

 
Fig. 9.1 – Resonant frequency-Number of nodes (fn-n) plot for rope tension force 0.6 N 
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10. SPEED OF SOUND IN AIR 

 In a derivation according to Laplace, sound waves in gases are considered as changes in 
adiabatic pressure or density. The speed of sound is 

   
  

  
 
 

 
                 (10.1) 

where p – pressure, ρ – density, CP and CV – gas heat capacities. 
 For an ideal gas at absolute temperature T: 

 
 

 
 

   

 
                         (10.2) 

where R=8.314 K/(mol·K) – universal gas constant, M – gas molar mass. 
 The speed of sound in this gas is therefore: 

     
  

  
 
   

 
                    (10.3) 

 For temperature differences ΔT which are not too large compared to a reference 
temperature T0, the speed of sound is 

    
  

  
 
    

 
    

  

    
                (10.4) 

 For dry air as an ideal gas, the speed of sound is 
                                   (10.5) 

where T0 = 273.15 K = 0 0C. 
 In this laboratory work, the propagation time t of a sound pulse is measured between 
two microphone probes located at a distance s. High resolution propagation time measurement 
with a microsecond counter. A heating element is used to heat the air in the Kundt tube to 
measure the propagation time as a function of temperature. The temperature distribution 
during cooling is fairly uniform. Therefore, it is sufficient to measure the temperature at one 
point of the Kundt’s tube. 
 The speed of sound is calculated as the quotient of the travelled distance s and the 
propagation time t: 

                      (10.6) 
 The Fig.10.1-10.2 show the main experimental dependences. The temperature 
dependence of the speed of sound is described by Equation 10.3 with the parameters: 

                                            (10.7) 

 
Fig. 10.1 – Sound propagation time-Distance  
(t-S) plot for various ambient temperatures 

 
Fig. 10.2 – Wave propagation velocity-

Temperature (c-T) plot 
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11. STANDING SOUND WAVES 

 Sound waves propagate in air and other gases by means of rapid changes in pressure 
and density. It is easiest to describe them on the basis of the sound pressure, which is 
superimposed on top of atmospheric pressure. As an alternative to the sound pressure p, the 
sound velocity v can also be used to describe a sound wave.  
 Sound waves are generated by a loudspeaker at a distance L from the wall. These waves 
oscillate with frequency f. At this point, the pressure has an anti-node and the velocity has a 
node. Such boundary conditions are only fulfilled when L is an integer multiple of half the 
wavelength: 

     
  

 
                 (11.9) 

 The frequencies must fulfil the following condition for resonance: 

      
 

   
               (11.10) 

During the experiment, the frequency f of the speaker is continuously changing, while 
the microphone sensor measures the sound pressure on the reflecting wall. Resonance occurs 
when the microphone signal reaches its maximum amplitude. 

The resonant frequencies determined fn should have wavelengths 

   
   

 
            (11.11) 

Fig. 11.1 shows the distribution of the amplitude along the length of the Kundt’s tube. 
Fig. 11.2 shows the dependence of the frequency of the first resonance on the corresponding 
wavelength. 

 
Fig. 11.1 – Amplitude-Tube length (A-L) plot for different values of the frequency of the sound 

wave 

 
Fig. 11.2 – First Resonance Frequency-Wavelength (f1-λ1) plot  
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12. PROPAGATION OF SOUND IN RODS 

 Sound propagation in rods is caused by mechanical vibrations in the rod material. In this 
case, the relationship between the changes in time and space of the compressive stress σ and 
the elongation ξ of the bar is given by the following equations: 

  

  
   

  

  
                    

  

  
 

 

 
 
  

  
       (12.1) 

where v  
  

  
 , ρ – rod material density, E – elasticity modulus of the rod material. 

 This results in the following wave equations: 

 
   

   
 

 

 
 
   

   
                        

   

   
 

 

 
 
   

   
            (12.2) 

 The speed of propagation of longitudinal waves is 

    
 

 
             (12.3) 

 In long rods the multiply reflected sound pulses are clearly separated in time. In short 
rods, they could easily be superimposed and form «standing waves». 

The velocity of the longitudinal sound waves is determined from the time they take to 
travel the length of the rod and back by (Fig.12.1): 

                          (12.4) 
where L – rod length. 
 This is because the sound pulse travels the length of the rod twice (to the other end and 
back) in a time T. 
 The modulus of elasticity for each of the materials is determined using equation 12.3 
from the speed of propagation measured and the density of the rods, as determined by 
weighing them (Table 12.1). 

Table 12.1 – Speed of longitudinal sound waves in various materials 

Material CL [m/s] Ρ [g/cm3] E [GPa] 

Glass 5370 2.53 73 

Aluminium 5110 2.79 73 

Wood 5040 0.74 19 

Steel 4930 7.82 190 

Copper 3610 8.84 115 

Brass 3550 8.42 106 

Acrylic 2170 1.23 6 

PVC 1680 1.50 4 

 
Fig. 12.1 – Double rod length-Sound wave propagation time (2L-t) plot for different materials of 

the rod 
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